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1. Introduction
TheN = 1, D = 4 supersymmetric Yang-Mills was constructed in 1974 [1, 2, 3] and studied
intensively over 45 years. In spite of its seeming simplicity, this theory has revealed a rich quantum
structure. For instance, since early ‘80s it has been known that e.g. pureN = 1, D = 4 SYM with
a gauge group SU(N) has N degenerate susy vacua distinguished by different vacuum expectation
values of the gluino condensate [4, 5, 6] which are related to each other by discrete R-symmetry
transformations,
〈Trλαλα〉= Λ3e2pii nN , n = 0,1, . . .N−1, (1.1)
where Tr denotes the trace with respect to gauge symmetry indices and Λ is a dynamical scale at
which the condensate of the gluini λα is formed by non-perturbative effects.
On general grounds, it was then suggested that there should exist BPS domain walls interpolat-
ing between different SYM vacua (labeled by l and n) and having the following tension saturating
the BPS bound [7]
TDW =
N
8pi2
| 〈λλ 〉n−〈λλ 〉l | . (1.2)
Since the ‘90s, domain walls inN = 1, D = 4 SYM and Supersymmetric QCD have been exten-
sively studied with the use of different approaches (for a recent review and latest developments see
e.g. [8]). However, explicit solitonic solutions of a low-energy effective field theory describing do-
main walls in the pure SYM have not been found until recently. A reason for this is that SYM BPS
domain walls are not smooth solitonic field configurations. Their existence requires the presence of
a source which has been lacking in pureN = 1, D = 4 SYM. In [9] it was suggested that such an
object (associated with integrated heavy modes of the theory) should contribute to the BPS value
(1.2) of the domain wall tension. In [10] we have shown that this object is a dynamical membrane.
The purpose of this contribution is to show how to couple the membrane to N = 1 SYM and its
Veneziano-Yankielowicz effective field theory formulation [11], how the membrane creates BPS
domain walls and what is their shape.
2. PureN = 1 SU(N) SYM
To set up the stage and point out essential blocks of our construction, let us briefly review the
main features of the simple SYM theory with the gauge group SU(N). Its field content is a vector
supermultiplet in the adjoint representation of SU(N)
AIm, λ
I
α , λ¯
I
α˙ , D
I , (2.1)
where AIm(x) (m= 0,1,2,3) is the vector gauge field, λ Iα(x) (α = 1,2)and its complex conjugate λ¯ Iα˙
(α˙ = 1,2) are the Weyl spinor gluino, DI(x) is a space-time scalar auxiliary field and I = 1, ...,N2−
1 is the index of the adjoint representation of SU(N). In the rest of the paper we will skip these
SU(N) indices over the fields, i.e. we will consider su(N) algebra valued fields Am(x) = AIm(x)TI ,
etc. where TI are the su(N) generators.
The building block of the SYM action is chiral spinor superfield which in the chiral superspace
basis, parametrized by complex Grassmann-odd coordinates θα and xmL = xm + iθσmθ¯ , has the
1
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following form
Wα(xL,θ) =−iλα +θαD− i2Fmnσ
mn
α
βθβ +θ 2σmαβ˙∇mλ¯
β˙ , (2.2)
where Fmn is the gauge field strength, ∇m = ∂m− iAm is the gauge covariant derivative and σmαβ˙ are
the relativistic Pauli matrices.
TheN = 1 SYM Lagrangian is an integral of the square of Wα over θ
LSYM =
1
4g2
∫
d2θ TrW αWα + c.c., (2.3)
where g is the SYM coupling constant.
Note that the Lagrangian is invariant under the U(1) R-symmetry Wα → eiϕWα , which is
broken by quantum chiral anomalies to a discrete subgroup Z2N . Namely, the R-symmetry current
conservation becomes anomalous
∂mJm := ∂m Tr(λσmλ¯ ) =
2N
32pi2
εmnpq TrFmnFpq. (2.4)
The factor of 2N appears on the right hand side of the above equation since λ are in the adjoint of
SU(N). As a result the generating functional of the quantum theory is invariant under a residual
Z2N symmetry. The latter is however further broken down to Z2 (λ →−λ ) due to the formation of
the gluino condensate (1.1) by non-perturbative effects.
2.1 SYM Lagrangian and the special chiral superfield
For the possibility of coupling the membrane to the SYM multiplet it is important to notice
that TrW αWα is a chiral scalar superfield (which is special as we will see in a minute)
S = TrW αWα = s+
√
2θαχα +θ 2F, (2.5)
where
s = −Trλαλα , (2.6)
χα =
√
2Tr
(
1
2
Fmnσmnα
βλβ − iλαD
)
, (2.7)
and
F = Tr
(
−2iλσm∇mλ¯ − 12FmnF
mn+D2− i
4
εmnplFmnF pl
)
. (2.8)
Note that the real part of the F-term is the SYM Lagrangian, while its imaginary part is an instanton
density which is (locally) a differential of a Chern-Simons three-form, namely
F4 = d4x ImF = −TrF2∧F2−d4x∂m(Trλσmλ¯ ) (2.9)
= −dTr
(
AdA+
2i
3
A3+
1
3!
dxkdxndxmεmnklTrλσ l λ¯
)
≡ dC3.
(For shortness, we have omitted the wedge product symbols in the second line). Therefore, the
complex field F in (2.5) has the following form
F = Dˆ+ i ∗dC3 = Dˆ+ i∂mCm, (2.10)
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where Dˆ is a scalar field and Cm is the Hodge dual of the three-form C3 (C1 = ∗C3). Hence, the
F-term is gauge invariant under C3→C3+dΛ2 with Λ2(x) being a two-form gauge parameter.
This structure of the F-term makes the chiral superfield (2.5) special, as was noticed e.g. in
[12, 13]. Superfields of this kind were first considered by Gates in [14]. They can always be
expressed as a second super-covariant derivative of a real scalar ‘prepotential’ U(x,θ , θ¯)
S =−1
4
D¯α˙D¯α˙U. (2.11)
In the case of the conventional generic chiral superfields the prepotential U is complex.
The superfield U contains the components of the real one-form C1 = dxmCm dual to C3 among
its independent bosonic components
U |θ=θ¯=0 = u,
−1
8
σ¯ α˙αm [Dα , D¯α˙ ]U |θ=θ¯=0 =Cm,
1
4
D2U |θ=θ¯=0 =−s¯ = Tr λ¯ λ¯ ,
1
16
D2D¯2U |θ=θ¯=0 = Dˆ+ i∂mCm ≡ F .
(2.12)
Note that the superfield S in (2.11) is invariant under the superfield transformation
U ′ =U +L , (2.13)
where L is a real linear superfield, i.e. the superfield satisfying
D¯2L = 0 = D2L . (2.14)
This transformation is the superfield extension of the gauge variation of the three-form C3→C3+
dΛ2 under which the F-tern in (2.12) is invariant. Hence, only gauge-invariant combinations of the
components of U appear in S.
As we will see later, the presence of the three-form C3 in U allows one to couple it to a
membrane. Since we will look for domain walls of SYM induced by the membranes in its effective
Veneziano-Yankielowicz field theory description, let us now revisit the structure of the latter.
3. Veneziano-Yankielowicz Lagrangian and potential
The VY Lagrangian [11] provides an effective description of colorless bound states of the
SYM multiplet (like glueballs and gluinoballs), and demonstrates the formation of the gluino con-
densate and the N-degeneracy of the SU(N) SYM vacuum. The form of the VY Lagrangian is
(almost) fixed by anomalous superconformal Ward identities of the SYM. Its building block is the
colorless chiral superfield (2.5) whose components (2.6)-(2.10) are now regarded as independent
fields, rather than composites of the SYM multiplet. The VY Lagrangian has the following form
LVY =
1
16pi2ρ
∫
d2θd2θ¯(SS¯)
1
3 +
∫
d2θW (S)+ c.c. . (3.1)
3
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The first term in (3.1) contains the Kähler potential
K(S, S¯) =
1
16pi2ρ
(SS¯)
1
3 (3.2)
with a priori arbitrary dimensionless positive constant ρ . Its simplest form is chosen due to the
mass dimension 3 of the superfield S.
In general, the kinetic part of the Lagrangian is not fixed by anomalous symmetries and can
also include higher order terms, however only for the above choice of the Kähler potential the scalar
field potential is bounded from below [15].
The second term in (3.1) is the VY superpotential. It is uniquely fixed by anomalous super-
conformal Ward identities of the SYM theory and has the following form
W (S) =
N
16pi2
S
(
ln
S
Λ3
−1
)
, WS := ∂SW (S) =
N
16pi2
ln
S
Λ3
. (3.3)
However, the superpotential and hence the Lagrangian are not single valued under an identical
phase transformation of S. Indeed, they shift as
S→ Se2pi i , LVY →LVY − N4pi ∂mC
m. (3.4)
Another (related) issue is that the F-term in S is not a complex auxiliary scalar field but contains
the dual four-form field strength ∂mCm associated with the SYM instanton density TrF2 ∧F2. So
the integration of the auxiliary field F out of the VY action requires caution. A recipe of how one
can take care of these subtleties by modifying the VY superpotential was proposed in [16]. Instead,
we will follow a somewhat different procedure of augmenting the VY Lagrangian [10] prompted
by general requirements of the consistent construction of 4D Lagrangians containing three-form
gauge fields (see e.g. [17, 18] and [19] for a recent review). Namely, the special form of the chiral
superfield S (2.11) requires the variation of the VY Lagrangian with respect to the independent real
superfield U . The variation principle is well-defined only with the addition of the boundary (total
derivative) term which for the case under consideration is 1
Lbd =− 1128pi2
(∫
d2θ D¯2−
∫
d2θ¯D2
)[(
1
12ρ
D¯2
S¯
1
3
S
2
3
+ ln
Λ3N
SN
)
U
]
+ c.c. (3.5)
It is not hard to see that the Lagrangian
L =LVY+Lbd (3.6)
is invariant not only under the identical phase transformation (3.4) but under a continuous U(1)
symmetry. To break this symmetry down to Z2N , as it occurs in the SYM, we will require that the
term X(S, S¯) ≡ 116pi2
(
1
12ρ D¯
2 S¯
1
3
S
2
3
+ ln Λ
3N
SN
)
in the Lagrangian (3.5) satisfies the following boundary
conditions
X(S, S¯)|bd =− in8pi , where n = 0,1 . . . ,(N−1)(modN) (3.7)
1A general prescription for constructing such terms was given in [18].
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which characterizes the asymptotic vacua of the theory. Note that with this choice of the boundary
conditions the Lagrangian (3.6) is gauge invariant under the superfield transformation (2.13).
We are interested in studying classical configurations of fields in the VY model with no
fermionic excitations. Thus we set χα = 0 in (3.1) and (3.5), and get the following bosonic La-
grangian
L bosVY = Kss¯
(−∂ms∂ms¯+(∂mCm)2+ Dˆ2)+ (Ws (Dˆ+ i∂mCm)+ c.c.)+L bosbd (3.8)
where the boundary term has the following form
L bosbd =−2∂m [Cm (Kss¯∂nCn− ImWs)] (3.9)
and
Kss¯ ≡ ∂s∂s¯K(s, s¯), Ws ≡ ∂sW (s).
We will now eliminate the fields Dˆ and Cm from the Lagrangian by solving their equations of
motion. For the field Dˆ we have
Kss¯Dˆ+ReWs = 0 → Dˆ =−ReWsKss¯ (3.10)
and for Cm
∂m(Kss¯∂nCn− ImWs) = 0 → ∂mCm =
ImWs− n8pi
Kss¯
. (3.11)
So
F ≡ Dˆ+ i∂mCm =−
W s¯+ i n8pi
Kss¯
=−∂s¯(W + i
n
8pi s¯)
Kss¯
, (3.12)
where n8pi with (n = 0,1, . . . ,N−1) (mod N) is the integration constant compatible with the choice
(3.7) of the boundary conditions.
The right hand side of (3.11) implies that the original VY superpotential gets effectively shifted
by a term linear in S, i.e.
W (S)→W (S)− i n
8pi
S . (3.13)
Substituting the expression (3.12) for F into the action (3.8) we get the scalar field potential first
derived in [16]
V (s, s¯) =
9ρN
16pi2
|s| 43
(
ln2
|s|
Λ3
+(args−2pi n
N
)2
)
, n = 0,1,2, . . . ,N−1 (mod N) . (3.14)
In this potential the parameter n should be considered as a discrete variable. This makes the
potential single-valued and multi-branched (periodic in n with the period N). It has cusps at
args = pi(k+1)N , at which n changes its value from k to k+ 1, and becomes zero (namely, it has
absolute SUSY minima) at 〈s〉 = Λ3e2pii nN . The latter effectively reproduce the gluino condensate
(1.1) of the SU(N) SYM.
For instance, for |s| = Λ3 and N = 3 for which piN ' 1, the potential has the dependence on
args and n that is depicted on Figure 1.
The presence of cusps indicates that at the corresponding points of space there sits an object
that causes n to change its value and correspondingly the superpotential to “jump” as in (3.13).
We will now show that this object is a dynamical membrane which carries a quantized charge that
couples it to the three-form gauge field.
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Figure 1: The VY potential as a function of args for |s| = Λ3 and N = 3. The dashed line to the right should be
identified with that to the very left. The potential is zero (has the absolute minima) at args = 2pin3 (n = 0,1,2) and cusps
at args = pi(n+1)3 at which the variable n changes its value.
4. Coupling the membrane to the SYM and VY model
Membranes in flat and supergravity superspaces of various dimensions, and their effects in
string/M-theory have been studied at length since the 80’s after a seminal paper [20]. It was soon
realized [21, 22] that in D = 4 supersymmetric membranes have to do with BPS-saturated domain
walls. In this respect it is somewhat surprising that the problem of coupling dynamical membranes
to N = 1, D = 4 SYM has been addressed only recently in [10], though back in the early ‘90s
generic constructions of couplings of p-branes to bosonic Young-Mills fields in various dimension
were proposed in [23, 24] and a bosonic membrane coupled to 4D gauge fields via the Chern-
Simons term (which is closely related to our supersymmetric construction) was considered in [25].
The action describing the dynamics of a membrane coupled to the N = 1 SYM or its VY
effective field model is a generalization of the supermembrane action of [26] coupled to a special
chiral superfield (2.11). It has the following form
Smembrane =− 14pi
∫
M3
d3 ξ
√−dethi j |kS+ c|− k4pi
∫
M3
C3−
(
c¯
4pi
∫
M3
C 03 + c.c.
)
, (4.1)
where c= k1+ ik2, and k, k1 and k2 are real constant charges characterizing the membrane coupling
to a real three-form gauge superfield C3 and a complex super three-form C 03 to be defined below.
The normalization factor 14pi has been chosen to have the canonical form of the Chern-Simons term
in the static membrane action which forces the charge k be quantized k =±1,±2 . . ..
In the Nambu-Goto part of the action (4.1) the bulk superfield S(xL,θ) is either a composite
special chiral superfield (2.5) or its Veneziano-Yankielowicz counterpart.2 It is evaluated on the
membrane worldvolume zM = zM(ξ ) parametrized by ξ i (i = 0,1,2). The constant c added to S
insures that when S = TrWαWα (which is a nilpotent superfield, S2N ≡ 0) the module |S+ c| is
2The coupling of a membrane to an Abelian gauge field supermultiplet (associated with R-symmetry) withinN = 1,
D = 4 supergravity, which enters a special chiral superfield in a different way has been recently considered in [27].
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well defined. In the VY model in which S is a fully-fledged special chiral superfield, we will for
simplicity set c = 0.
The induced metric on the membrane worldvolume is
hi j(ξ ) = ηabEai (ξ )E
b
j (ξ ), with E
a
i (ξ ):=∂iz
M(ξ )EaM(z(ξ )), (4.2)
and
Ea(ξ ) = dzM(ξ )EaM(z(ξ ))=: dξ
iEai (ξ ) = dx
a(ξ )+ iθσadθ¯(ξ )− idθσaθ¯(ξ ) (4.3)
is the worldvolume pull-back of the flat superspace vector supervielbein.
The super three-form C3 is constructed in terms of the real prepotential U (see eqs. (2.11) and
(2.12))
C3 = iEa∧dθα ∧dθ¯ α˙σaαα˙U
− 1
4
Eb∧Ea∧dθασab αβDβU−
1
4
Eb∧Ea∧dθ¯ α˙ σ¯abβ˙ α˙D¯β˙U
− 1
48
Ec∧Eb∧Eaεabcd σ¯dα˙α [Dα , D¯α˙ ]U .
(4.4)
Note that the last, purely tensorial, term in (4.4) coincides, at θ = θ¯ = 0, with the three-form dual
of the vector component of U in (2.12). Specifically, in the SYM case this term is nothing but the
Chern-Simons term (2.9). So the leading bosonic component of the Wess-Zumino term C3 is
C3|θ=0 =C3 =−Tr
(
AdA+
2i
3
A3+dxkdxndxmεmnklTrλσ l λ¯
)
.
Finally, the complex three-form C 03 has the following form
C 03 = iE
a∧dθα ∧dθ¯ α˙σaαα˙ θ 2− 12E
b∧Ea∧dθασab αβθβ . (4.5)
4.1 Kappa-symmetry and a supersymmetric static membrane in SYM
The action (4.1) is invariant under the fermionic kappa-symmetry (a worldvolume counterpart
of supersymmetry) under which the imbedding super-coordinates of the membrane are transformed
as follows
δθα = κα(ξ ), δ θ¯ α˙ = κ¯ α˙(ξ ), δxm = iκσmθ¯ − iθσmκ¯. (4.6)
The fermionic parameters κα and κ¯α˙ = (κα)∗ are restricted by the following condition
κα =−i kS+ c|kS+ c|Γαα˙ κ¯
α˙ ⇔ κ¯α˙ =−i kS¯+ c¯|kS+ c|Γαα˙κ
α , (4.7)
where
Γαα˙ :=
iε i jk
3!
√−dethεabcdE
b
i E
c
j E
d
k σ
a
αα˙ , Γαα˙Γ
α˙β = δ βα . (4.8)
Therefore, kappa-symmetry gauges away 2 of 4 fermionic modes θα(ξ ), θ¯ α˙(ξ ) of the membrane.
Since the membrane action is manifestly invariant under worldvolume diffeomorphisms, the latter
allow one to gauge fix 3 of 4 bosonic modes xm(ξ ). The remaining 3d scalar mode φ(ξ ) and a
two-component SL(2,R) Majorana spinor να(ξ ) form a Goldstone N = 1, d = 3 supermultiplet
associated with partial breaking ofN = 1, d = 3 supersymmetry by the membrane.
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It can be shown [10] that for a static membrane configuration for which the goldstone fields are
equal to zero the membrane action reduces to that of anN = 1, d = 3 SU(N) Chern-Simons theory
of level −k (in the conventions of [8]) induced on the membrane worldvolume by its coupling to
the SYM
Sstatic =− ik4pi
∫
d3ξTrψαψα +
k
4pi
∫
Tr
(
AdA+
2i
3
A3
)
− |c|
4pi
∫
d3ξ , (4.9)
where Ai(ξ ) is the induced CS vector field and ψα(ξ ) is a 2-component Majorana spinor composed
of the real and imaginary component λ1 = 12(ψ1+ iψ2) of the gluino. The integrand in the last term
in (4.9) is constant and can be consistently removed (e.g. by sending c→ 0 at this stage).
5. BPS domain wall solutions sourced by the membrane in the VY effective theory
Let us now consider how the presence of the membrane modifies the equations of motion of
the VY theory and induces BPS domain wall solutions [10]. We will consider a static membrane
whose worldvolume is extended along three space-time directions ξ i = xi (i=0,1,2) and sitting at
x3 = 0 = θα = θ¯ α˙ . We are interested in solutions for which the fermionic VY field χα vanishes.
Then the membrane action (4.1), in which we set c = 0 reduces to
Sstatic =− 14pi
∫
d3ξ
(|ks(ξ ,0)|+kC3) , (5.1)
where C3(ξ ,0) = 16ε
i jk Ci jk(ξ ,0).
Adding this action to the bosonic VY action (3.8), we get
S =
∫
d3ξdx3
(
L bosVY −
1
4pi
δ (x3)
(|ks|+kC3)) . (5.2)
Varying this action with respect to Dˆ and Cm we get modified equations of motions whose solution
is (compare with (3.12))
F ≡ Dˆ+ i∂mCm =−
∂s¯(W + i n+kΘ(x
3)
8pi s¯)
Kss¯
, (5.3)
where Θ(x3) is the step function at the point x3 = 0 at which the membrane sits. We see that the
value of n gets shifted by k units when we cross the membrane. This indicates that the membrane
of charge k separates two vacua labeled by n and n+ k, respectively.
The equation of motion of the scalar field s(ξ ) has the following form
sKss¯+∂ms∂msKsss¯+FF¯Kss¯s¯+ F¯W¯s¯s¯ =
k
8pi
δ (x3)
ks
|ks| , (5.4)
where it is understood that F is given by (5.3).
We look for solutions of (5.4) which describe BPS domain walls that preserve 1/2 supersym-
metry and interpolate between two vacua, which are reached as x3 →−∞ and x3 → +∞ and are
separated by the membrane, i.e.
〈s〉−∞ = Λ3e 2piinN and 〈s〉+∞ = Λ3e
2pii(n+k)
N .
8
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To this end we follow the well known method (see e.g. [22, 7, 28]). Namely, the field s is assumed
to depend only on the coordinate x3 orthogonal to the membrane and the supersymmetry variation
of the fermionic field χα vanishes
δχα = i s˙σ3αα˙ ε¯+ εαF = 0, (5.5)
where s˙ ≡ ∂3s ≡ ∂∂x3 s. On the other hand, for the static membrane we have θα = θ¯ α˙ = 0. These
conditions are preserved by a combined supersymmetry and kappa-symmetry transformations of θ
δθα = εα +κα = 0 ⇒ εα =−κα . (5.6)
Now remember that the kappa-symmetry parameters are restricted by the condition (4.7) (with
c = 0) which reduces the number of independent real components to two. Therefore, also the
supersymmetry parameters should satisfy the very same condition (4.7). For the static membrane
case under consideration, this reduces to
εα = eiασ3αα˙ ε¯
α˙ , eiα :=
ks(0)
|ks(0)| . (5.7)
Substituting this relation into (5.5) we get the BPS equation for the field s
s˙ = ieiαF (5.8)
in which it is understood that F is given by (5.3). One can check that this BPS relation solves the
field equation (5.4). From (5.8) it also follows that
d
dx3
Re(Wˆe−iα) = 0 , Wˆ (s)≡W (s)− i
8pi
(n+ kΘ(x3))s (5.9)
that is
Re(Wˆe−iα) = const (5.10)
at each point along x3 including the position of the membrane (x3 = 0), which is compatible with
the worldvolume field equation of x3(ξ ) that for the static membrane has the following form
(∂3|ks|+ k∂mCm)|x3=0 = 0.
Substituting into (5.8) the form of K and W of the Veneziano-Yankielowiz model, eqs. (3.2) and
(3.3), we get the explicit form of the BPS equation
s˙ = 9iρN|s| 43 eiα
(
ln
Λ3
|s| + i args−
2pii
N
(n+ kΘ(x3))
)
. (5.11)
Using this equation we can now compute the BPS value of the on-shell action (5.2) of the VY
model coupled to the membrane. The result [10] gives the correct value (1.2) of the BPS domain
wall, namely
SBPS = SVY+Smembr =−2
∫
d3ξ |Wx3→+∞−Wx3→−∞| (5.12)
and
TDW = Ts+Tmembr = 2 |W+∞−W−∞|= N8pi2 Λ
3
∣∣∣e2pi i n+kN − e2pi i nN ∣∣∣ . (5.13)
9
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It should be stressed that this value of the tension comprises the contribution of the energy density
of the scalar field s and the membrane tension
TM =
|ks(0)|
4pi
. (5.14)
Without the latter the domain wall tension would not saturate the BPS bound, as the one estimated
in [9].
We are now ready to present the explicit form of 1/2 BPS domain walls in the VY description
of the SU(N) SYM.
6. Shape of 1/2 BPS domain walls
In [10] continuous s(x)-field solutions of the BPS equation (5.11) were found for the following
values of the membrane charge k
|k| ≤ N
3
.
For |k| ≤ N3 the domain walls have the profiles given in Figures 2, 3 and 4. The behaviour of the
modulus |s(x3)| and the phase β (x3) = args− 2pinN are given in Figures 2 and 3, and the behaviour
of "jumping" superpotential is given in Figure 4. The profiles of these SYM BPS domain walls are
similar to those obtained in N = 1 SU(N) super-QCD with N f ≤ N3 (where N f is the number of
flavours) in the limit m→ ∞ of the mass of the flavour multiplets [29]. From this perspective the
membrane may be viewed as an artefact of integrated-out massive flavour modes.
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Figure 2: Flow of |s|Λ3 (on the left) and the phase β (x
3) (on the right) along r = 9ρΛx3 for different values of N, with
fixed k = 1. N are chosen in the interval [3,12], with darker colors corresponding to larger N (alternatively, one might
keep N fixed and vary k). |s|Λ3 takes the vacuum value 1 at x
3 = ±∞, decreases and has a cusp at x3 = 0 where the
membrane is sitting. The flow of β , starts form β−∞ = 0 on the left, passes through β (0) = piN on the membrane and
reaches β+∞ = 2piN on the right. Thickness of the domain wall solutions decreases when N increases. This can be fixed
by choosing ρ = 1N in the Kähler potential.
As one can see from the plot of |s|Λ3 in Fig. 2, it tends to reach zero for smaller N ≥ 3. As a result
the solution breaks down for N = 2, or equivalently for k = N2 . This indicates that the domain walls
induced by the membranes with a large three-form charge |k| ≥ N/2 should be regarded as strongly
coupled systems, whose internal structure is not captured by the VY effective theory. Note that the
cases with k↔ N− k are dual to each other since the sum of the charges of the membranes with
charge k and N− k is N, i.e. equal to the periodicity of the SYM vacua. If k ≤ N3 then N− k ≥ 2N3
and the corresponding dual configurations carry large three-form charges, and are strongly coupled
in this sense.
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Figure 3: Behaviour of s along x3 ∈ (−∞,+∞) in the complex plane (for k = 1 and N varying from 3 to 12). Darker
colors correspond to larger N. At the point where the membrane is located, s(x3) has a cusp.
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Figure 4: Behaviour (for k = 1 and N varying from 3 to 12) of the real and imaginary part of 16pi2Wˆe−iαΛ3 (α =
pi(1+2n)
N )
along r = 9ρΛx3. Darker colors correspond to larger N. The ‘jump’ of ℑ 16pi
2Wˆe−iα
Λ3 depicted on the right is proportional
to the membrane tension (5.14).
7. Conclusion
We have reviewed the construction of the supersymmetric and kappa-invariant action which
describes the coupling of a membrane to N = 1, D = 4 SYM and its Veneziano-Yankielowicz
effective generalized sigma-model. We have shown that in the framework of the VY model the
presence of the dynamical membrane is required for the formation of 1/2 BPS domain walls inter-
polating between different SYM gluino condensate vacua and obtained explicit continuous domain
wall configurations for |k| ≤ N3 .
More details on the construction and solutions described in this contribution may be found in
[10], where it was also shown that a BPS equation similar to (5.11) does not have continuous s-field
BPS domain wall solutions which might be formed by separated parallel membranes. This indicates
that to form a BPS domain wall the membranes should form a stack of coincident membranes, i.e.
a composite membrane of a total charge k effectively described by the supermembrane action (4.1).
Other problems considered in [10] include the construction of a system of an open membrane with
a string attached to its boundary. This dynamical brane system was coupled to a massive three-form
superfield extension [12, 30] of the Veneziano-Yankielowicz theory, which may be applied to the
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study of domain-wall junctions.
An interesting issue which requires further study is the relation of the membrane worldvolume
action (4.1) (for the membrane charge k > 1) to 3d gauge theories associated with domain walls
in SYM and SQCD (see [8] for a review and an exhaustive list of references). As was discussed
in [10], for the case k = 1 our supermembrane action (with the Goldstone fields switched off), eq.
(4.9), is level-rank dual to a corresponding Acharya-Vafa theory [31] which was constructed with
the use of a stack of k D4-branes wrapped on an internal 2-cycle with N RR fluxes in type IIA
string theory.
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